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1.
$K$ $D$ . $F(n)$ $n$ $K$
. $F(n)$ :
$F(n)= \sum_{d|n}\chi(d)$ ,
, $\chi$ mod $|D|$ . $F(n)$
$\sum_{n\leq x}F(n)$ . Gauss $\mathbb{Q}(\sqrt{-1})$






, $|D|$ $F(n)$ ,
$F(n)$ . Dirichlet $\chi(\mathrm{m}\mathrm{o}\mathrm{d} k>$
1)
$F_{\chi}(n)= \sum_{d|n}\chi(d)$
. , $F(n)$ $F_{\chi}(n)$ , $F_{\chi}(n)$
. $F_{\chi}(n)$ Huxley-
Watt [4] . [4] :
$A$ $x\geq Ak$
$\sum_{n\leq x}F_{\chi}(n)=L(1, \chi)x+O(k^{50/73_{X}23/73}(\log x)^{461/146})$
. $L(s, \chi)$ $\chi(\mathrm{m}\mathrm{o}\mathrm{d} k)$ Dirichlet L- .
, $F_{\chi}(n)$ $R(x;\mathrm{V}q)$ :
$R(x;h/q)= \sum_{n\leq x}F_{\chi}(n)e(hn/q)’$ ,
$h,$ $q$ $q\geq 1$ , $\alpha\in \mathbb{R}$ $e(\alpha)=\exp(2\pi i\alpha)$
. , $\Sigma_{n<x}’$ $x$ ( $F_{\chi}(x)e(hx/q)$ $2^{-1}F_{\chi}(x)e(hx/q)$
. $F_{\chi}(n)=d(n)$ ( $k=1$ , $d(n)$
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), , $\ovalbox{\tt\small REJECT} \mathrm{n}\ovalbox{\tt\small REJECT}$ ,
[1], [6] .
, $k\ovalbox{\tt\small REJECT} 1$ $k>1$ . $k>1$
$F_{\chi}(s;h/q)= \sum_{n=1}^{\infty}F_{\chi}(n)e(hn/q)n^{-s}$ $(\Re s>1)$
, M\"uller [9, Lemma 1] .
, $F_{\chi}(s;h/q)$ $s$- , $1<\delta<k$
. $\delta=1$ $k$ , $s=1$ . (
([9, Lemma 1] ) $)$
$P(x;h/q)$ $R(x;h/q)$ ,
$P(x;h/q)=R(x;h/q)-x{\rm Res}_{s=1}F_{\chi}(s;h/q)-F_{\chi}(0;h/q)$
. , $P(x;h/q)$ .
, $P(x;h/q)$ . , $P(x;h/q)$
truncated Vorono.i . .
Theorem 1. $h,$ $q$ $q\geq 1,$ $\chi$ Dirichlet (mod $k>1$ )
. $\delta=(k, q),$ $q_{1}=kq/\delta$ . $x\geq 1,$ $N\geq qq_{1}/x$
$P(x;h/q)=p_{N}(x;h/q)+E_{N}(x;h/q)$ ,
$p_{N}(x;h/q)= \frac{C}{\sqrt{2}\pi}q^{1/2}(\frac{\delta}{k})^{1/4}x^{1/4}\sum_{n\leq N}d_{\chi}(n;-\overline{h}, q)n^{-3/4}f(4\pi\sqrt{nx/qq_{1}}-\frac{\pi}{4})$
$d_{\chi}(n; \overline{h}, q)=\sum_{uv=n}$
$\sum_{\alpha=1,\alpha\equiv v\overline{h}(\mathrm{m}\mathrm{o}\mathrm{d} q)}^{q_{1}}\chi(\alpha)e(\alpha u/q_{1})$
. $E_{N}(x;h/q)$ $\epsilon>0$
$E_{N}(x;h/q)\ll x^{\epsilon}+(qq_{1})^{1/2}x^{1/2+\epsilon}N^{-1/2}+(qq_{1})^{1/2}c_{1}^{1+\epsilon}N^{\mathrm{g}}$
. $c_{1}= \min(\delta, k/\delta)^{1/2}$ , $\overline{h}$ $h\overline{h}\equiv 1$ (mod $q$)
. $C=1,$ $f(z)=\cos z$ ($\chi(-1)=1$ ), $C=-i,$ $f(z)=\sin z(\chi(-1)=-1$
) . $\epsilon$ .
Theorem 1 , 2 corollary .
Corollary 1. c2 $=(qq_{1})^{1/2}c_{1}$ . $x\geq c_{2}$ ,
$P(x;h/q)\ll c_{2}^{2/3}x^{1/3+\epsilon}$ .
Corollary 2. $X\geq 1$
$\int_{1}^{X}|P(x;h/q)|^{2}dx=C_{\chi}(\overline{h}, q)X^{3/2}+Q(X;h/q)$
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$f:k^{\mathrm{Y}}$ $\langle$ . $=\subset-\mathrm{c}*$
$C_{\chi}(h, q)= \frac{1}{6\pi^{2}}q(\frac{\delta}{k})^{1/2}\sum_{n=1}^{\infty}|d_{\chi}(n;-\overline{h};q)|^{2}n^{-3/2}$
. $Q(X;h/q)$ .
$Q(X,\cdot h/q)\ll c_{2}^{2}X^{1+\epsilon}+(qq_{1})^{3/4}c_{1}^{2}X^{5/4+\epsilon}+q_{1}^{2}$ $\mathrm{n}(c_{2}, X)\log^{2}(q+1)$ .
, Corollary 2 $Q(X;\mathrm{V}q)$ $X$ .
, Meurman [8, Section 4] Theorem 1 $E(x;h/q)$
. $B_{\nu}(z)$ $B_{\nu}(z)=Y_{\nu}(z)$ ( $\chi(-1)=1$ ), $B_{\nu}(z)=J_{\nu}(z)(\chi(-1)=-1$
), . , $Y_{\nu}(z),$ $J_{\nu}(z)$ Bessel . Theorem 1
, Vorono.i .
.
Theorem 2. $x>\mathrm{O}$ I
$P(x;h/q)=-( \frac{\delta}{k})^{1/2}x^{1/2}\sum_{n=1}^{\infty}n^{-1/2}\{C\chi(-1)d_{\chi}(n;-\overline{h}, q)B_{1}(4\pi\sqrt{nx/qq_{1}})$
$+ \frac{1}{\pi}(1+\chi(-1))d_{\chi}(n;\overline{h}, q)K_{1}(4\pi\sqrt{nx/qq_{1}})\}$ .
$x$ $[x_{1}, x_{2}]\subset(0, \infty)$ ,
.
Corollary 2 $X$ .
Theorem 3. $Q(X;\mathrm{V}q)$ Corollary 2
$Q(X;h/q)<<c_{2}^{2}X\log 4X+c_{1}^{2}(qq_{1})^{2+\epsilon}+q_{1}^{2}(qq_{1})^{1/2}c_{1}^{2}\log 2(q+1)$
. , $\chi$ $\delta=1$ $k$ , $X$
$Q(X,\cdot h/q)<<qq_{1}X\log 2X\log 2k+(qq_{1})^{2+\epsilon}+q_{1}^{2}(qq_{1})^{1/2}\log^{2}(q+1)$
.
Remark 1. Theorem 3 Corollary 2 $X$ ( . $k,$ $q$ $X$
( theorem Corollary 2 { ( $q_{1}^{2}=X$
). , $Q(x;\mathrm{V}q)$ $x$ , $x_{\backslash }k_{\backslash }q$
.
2.
. $\epsilon$ . $h,$ $q$ $(h, q)=1$
$q\geq 1$ , $\overline{h}(\mathrm{m}\mathrm{o}\mathrm{d} q)$ $h\overline{h}\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} q)$ . , $O()$
$\epsilon$ . $\chi$ modulo $k>1$ Dirichlet
, $\overline{\chi}$ $\chi$ $\chi(n)\overline{\chi}(n)=1((n, k)=1$ ), $\overline{\chi}(n)=0$ ( )




$t$ . $k>1$ $F\ovalbox{\tt\small REJECT}(s\ovalbox{\tt\small REJECT} h/q)$
. , Dirichlet $\ovalbox{\tt\small REJECT}$
$\tilde{F}_{\chi}(s;h/q)=\sum_{n=1}^{\infty}d_{\chi}(n;\overline{h}, q)n^{-s}$ $(\Re s>1)$ .
Remark 2. $d_{\chi}(n;\overline{h}, q)$ $\delta=1$ $k$ $F_{\chi}(n)$
.
(2.1) $d_{\chi}(n;\overline{h}, q)=\{$ $\chi(^{\frac{\overline{h}}{h}})e(\overline{h}n/q)F_{\chi}(n)e(\overline{k}n/q)G(1,\chi)\overline{\chi}(-r)F_{\overline{\chi}}(n)$ if
$\delta=1$ ,
if $\delta=k$ ,
. , $\overline{k}$ $k\overline{k}\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} q)$ , $r$ $k\overline{k}=1+rq$
. $1<\delta<k$ , $F_{\chi}(n)$




Remark 3. (2.1) , $\delta=1$ $k$ , Dirichlet $\overline{F}_{\chi}(s;\mathrm{V}q)$




$\tilde{F}_{\chi}(s;h/q)$ . lemma .




lemma $\Re s>1$ $\tilde{F}_{\chi}(s;h/q)$ periodic zeta-
.
, $F_{\chi}(s;h/q)$ . [6, Theorem 1.1.1] $\gamma$)
$F_{\chi}(0;h/q)\ll q_{1}^{\varphi\delta[perp]}\mathrm{l}[perp]_{\delta}\mathrm{o}\mathrm{g}(q+1)$ . , $\varphi$ Euler . $\sigma_{\supset}$




$-(e^{\pi is}+\chi(-1)e^{-\pi is})\tilde{F}_{\chi}(1-s;-h/q)\}$ .
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Lemma 2 $\tilde{F}_{\chi}(s;\mathrm{V}q)$ . $\overline{F}_{\chi}(s;h/q)$
$\overline{F}_{\chi}(s;h/q)$ $\Re s>1$ , periodic zeta-
$\not\in:ffl\iota’\mathrm{a}$ . Theorem 2 , $\tilde{F}_{\chi}(s;h/q)$
. , Theorem 2 $\Sigma_{n\leq x}d_{\chi}(n;\overline{h}, q)$
.
3. THEOREM 1,2,3
, Theorem 1 . $T$ $T\geq 1$ . Perron
$\sum_{n\leq x}F_{\chi}(n)e(hn/q)=\frac{1}{2\pi i}\int_{1+\epsilon-iT}^{1+\epsilon+iT}\prime F_{\chi}(s;h/q)\frac{x^{s}}{s}ds+O(x^{\epsilon})+O(x^{1+\epsilon}T^{-1})$
. $\Re s=-\epsilon$ . $-\epsilon\leq\sigma\leq 1+\epsilon,$ $|t|\geq 1$
$F(s;h/q)$
$F(s;h/q)\ll((qq_{1})^{1/2}|t|)^{1-\sigma+\epsilon}c_{1}^{(1+\epsilon-\sigma)/(1+2\epsilon)}$




$j_{n}(x)= \frac{1}{2\pi i}\int_{-\epsilon-iT}^{-\epsilon+iT}\Gamma^{2}(1-s)(e^{\pi i}+\chi(-1)e^{-\pi i})(\frac{4\pi^{2}nx}{qq_{1}})^{s}\frac{ds}{s}$ .
$N$ $T^{2}=4\pi^{2}x(N+1/2)/qq_{1}$ $N\geq qq_{1}/x$ .
$T\geq 1$ . $P(x;\mathrm{V}q)$ ,
$\Sigma_{n>N}$ , , $n\leq N$ $j_{n}(x)$
$j_{n}(x)=4 \pi^{2}\chi(-1)C(\frac{nx}{qq_{1}})^{1/2}B_{1}(4\pi\sqrt{nx/qq_{1}})+O(1+(\log\frac{N+1/2}{n})^{-1})$
, $z\in R^{+}$ Bessel
$B_{1}(z)=- \chi(-1)(\frac{2}{\pi z})^{1/2}f(z-\pi/4)+O(z^{-1})$
Theorem 1 $N\in \mathrm{N}$ . $N\not\in \mathbb{Z}$ $N\in \mathbb{N}$
.
Theorem 2 , [6, Sections 16-18] . $a$
$R_{a}(x;h/q)$ :
$R_{a}(x;h/q)= \frac{1}{a!}\sum_{n\leq x}F_{\chi}(n)e(hn/q)(x-n)^{a}’$ ,
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, &(x $h/q$ ) $\ovalbox{\tt\small REJECT} R(x;h/q)$ . $R(x;h/q)$ Riesz .













. (3.1) Theorem 2 . ,
$x$ $x$ Theorem 2
. , $x$ $P(x;h/q)$ (3.1)
, theorem .
, (3.1) . 2
$x_{1},$ $x_{2}(0<x_{1}<x_{2}<\infty)$ $x$ $[x_{1}, x_{2}]$ { . $\#_{\sim}arrow$
$\sum(\alpha, \beta;x)$ (3.1) , , $2\leq\alpha<\beta<\infty$
$\sum(\alpha, \beta;x)=-(\frac{\delta}{k})^{1/2}x^{1/2}\sum_{\alpha\leq n\leq\beta}n^{-1/2}\{C\chi(-1)d_{\chi}(n;-\overline{h}, q)B_{1}(4\pi\sqrt{nx/qq_{1}})$
$+ \frac{1}{\pi}(1+\chi(-1))d_{\chi}(n;\overline{h}, q)K_{1}(4\pi\sqrt{nx/qq_{1}})\}$
. , $\alpha,$ $\beta$ .
$k,$ $q$ . , $O$-constant $k,$ $q$
$O()$ $O_{k,q}()$ .
$\Sigma(\alpha, \beta;x)$ . .
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Lemma 3 lemma .
Lemma 4. (3.1) $\mathfrak{p}\mathrm{f}\mathrm{l}$ $[x_{1}, x_{2}]\subset(0, \infty)$ . $[x_{1}, x_{2}]$
.
Lemma 4 , $x$
$t_{\mathrm{e}\mathrm{f}}$ ( $P_{1}(x;\mathrm{V}q)$ ). $x$
, Lemma 3 [6, Theorem 16] Theorem 2
. ([6, Theorem 16] )
Theorem 2 Lemma 3 4 . 2 lemma
. Lemma 3 . $\sum_{n\leq x}’d_{\chi}(n;\overline{h}, q)$
. $\overline{P}(x;h/q)$ :
$\overline{P}(x;h/q)=\sum_{n\leq x}d_{\chi}(n;\overline{h}, q)-G(1, \chi)q^{-1}L(1,\overline{\chi})x-\overline{F}_{\chi}(0;h/q)’$ .
, $\tilde{P}(x;h/q)$ . $\overline{P}(x;h/q)$
Vorono.i , Corollary 1 $x\geq c_{1}^{-1}(qq_{1})^{1/2}$
$\overline{P}(x;h/q)<<c_{1}^{1/3}q^{2/3}(\frac{k}{\delta})^{5/6}x^{1/3+\epsilon}$






$\text{ }$ . -h #f $\overline{P}_{1}(x;\mathrm{V}q)$ $\tilde{P}_{1}(x;h/q)\ll_{k,q}x^{3/4}$
.
, Lemma 3 ’T-‘ . $\sum(\alpha, \beta;x)$ $l_{arrow}^{-}\mathrm{k}^{\mathrm{Y}}$ Bessel , $\overline{P}(x;\mathrm{V}q)$




( $A’$ ). $m$ $x$ .
$n\neq m$ $O_{k,q}(\alpha^{-1/2})$ , , Lemma 3 .
Lemma 4 [6, Theorem 1.5] . [6, Theorem 1.5]
[6, Theorem 14] , [6, Theorem 14] Lemma 3
.
Theorem 3 . $B_{1}(z)$
$B_{1}(z)=- \chi(-1)(\frac{2}{\pi z})^{1/2}f(z-\pi/4)+O(|z|^{-3/2})$
$z=4\pi\sqrt{nx/qq_{1}}$ , ( $O$-constant $k,$ $n,$ $q,$ $x$
. $z$ $x\geq qq_{1}$
. , [8, Lemma 3] lemma
.
Lemma 5. $qq_{1}\leq x,$ $x\geq 2$ . $2x\leq N<<x^{A}$ ( $A$ )
, $E_{N}(x;h/q)$
$E_{N}(x;h/q)\ll\{$
$(qq_{1})^{3/4}c_{1}x^{-1/4}$ if $N>>x^{5}||x||^{-2}$ ,
$(qq_{1})^{1/2}c_{1}x^{\epsilon}$ otherwise,
.






$O(c_{2}^{2}X\log 4X)$ $(\chi, \delta \mathfrak{l}1\not\in_{l}\mathrm{F}_{\backslash })$ ,
$O(qq_{1}X\log 2X\log 2k)$ ( $\chi$ $\delta=1$ $k$ ),
2 Theorem 3 .
$\sum_{n\leq\nu}|d_{\chi}(n;\overline{h}, q)|^{2}n^{-\sigma}$
$<<\{$
( $\chi,$ $\delta$ ),
$\frac{}{\delta}(1\mathrm{o}\mathrm{g}y+y^{-\sigma+1})1\mathrm{o}\mathrm{g}y1\mathrm{o}\mathrm{g}^{2}k\frac{k}{8}c_{1}^{2}(1\mathrm{o}\mathrm{g}y+y^{-\sigma+1})1\mathrm{o}\mathrm{g}^{3}y$
( $\chi$ $\mathrm{P}_{7\Gamma\backslash }’\mathrm{C}$ $\delta=1$ $k$ , $k^{5}\leq y$),.




$\delta=1$ $k$ ( . Corollary 2, Theorem 3 $Q(x;h/q)$
. , $Q(x;h/q)$ $x$ , , $Q(x;h/q)$
. theorem .
Theorem 41. $h,$ $k,$ $q$ , $\delta=1$ $k$
$Q(x;h/q)=\Omega(x^{3/4})$ .
Theorem 5. $\delta=1$ $k$ . $X$
$\int_{1}^{X}Q(x;h/q)dx\ll qq_{1}X^{2}\log X($log log $X)^{2}\log^{2}k+(qq_{1})^{3/2}X^{2}+(qq_{1})^{2+\epsilon}X$
.
2 theorem Dirichlet $\sum_{n\leq x}F_{\chi}(n)e(hn/q)$
, .
$d(n)$ $\triangle(x)$ , $F(x)$ $\Delta(x)$
. $F(x)$ $\Omega$- Lau-Tsang
[7]
(4. 1) $\int_{1}^{X}F(x)dx=-\frac{1}{8\pi^{2}}X^{2}\log 2X+cX^{2}\log X+O(X^{2})$
$F(x)=\Omega_{-}(x\log^{2}x)$ ( $c$ ).





( $n$ , $1\leq j\leq k,$ $(k,j)=1$ , $m(k)$
. Lemma 6 ) .
Theorem 5 , [7] [2] . , $l$ l
$\sum_{n\leq x}F_{\chi_{1}}(n)F_{\chi 2}(n+r)$
. $\chi_{1}$ $\chi_{2}$ $\mathrm{m}\mathrm{o}\mathrm{d} k$ Dirichlet
$\chi_{1}\chi_{2}(n)=\chi_{0}(n)$ ( $\chi_{0}$ $\mathrm{m}\mathrm{o}\mathrm{d} k$ ).
, M\"uller [9, Theorem 1] l $\chi_{1},$ $\chi_{2}$ .
lemma .
Lemma 6(M\"uller). $\chi_{1},$ $\chi_{2}$ $\mathrm{m}\mathrm{o}\mathrm{d} k>1$ Dirichlet .
$l$ .






$r(k)$ $r$ $k$ -part . , $(d, k)=1$ $r=r(k)d$ , $p$ (
$p|r(k)$ $p|k$ . $E_{\chi_{1},\chi_{2}}(x, r)$ $1\leq r<<k^{1/2}x^{5/6}$
$E_{\chi_{1},\chi_{2}}(x, r)\ll k^{2/3+\epsilon_{X}5/6+\epsilon}$
.
(4.2), (4.3) $r\in \mathrm{N}$
(4.4) $M_{\chi_{1},\chi_{2}}(r)\ll\log^{2}k(\log\log(3r))^{2}$
.
Theorem 4 5 . Theorem 4 $C_{\chi}(h, q)$
0 . (2.1) , $F_{\chi}(1)\neq 0$
. [5, Theorem 136] Theorem 4
.
Theorem 5 . , $X\geq q_{1}$




$U_{1}= \sum_{\mathrm{t}\leq X^{3}L^{4}}e(\overline{h}\overline{k}l/q)M_{\overline{\chi},\chi}(l)S(X, l)+\sum_{l\leq X^{3}L^{4}}e(-\overline{h}\overline{k}l/q)M_{\chi,\overline{\chi}}(l)S(X, l)$
,
, $g(z)=J_{3/2}(z)-4J_{5/2}(z),$ $\theta_{m,n}=4\pi(\sqrt{m}-\sqrt{n})\sqrt{X/qq_{1}}$ ( $J_{\nu}(z)$ order $\nu$
Bessel ), , $S(X, l)$ :




$U_{2}= \sum_{l\leq X^{3}L^{4}}e(\overline{h}l/q)M_{\chi,\overline{\chi}}(l)S(X, l)+\sum_{l\leq X^{3}L^{4}}e(-\overline{h}l/q)M_{\overline{\chi},\chi}(l)S(X, l)$.
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2 . , $U(\chi_{1}, \chi_{2};a)$ :
$U( \chi_{1}, \chi_{2};a)=\sum_{l\leq X^{3}L^{4}}e(al/q)M_{\chi_{1\prime}\chi_{2}}(l)S(X, l)$
,
$a$ . $S(X, l)$ $\omega=4\pi(\sqrt{y+l}-\sqrt{y})\sqrt{X/qq_{1}}$
. ,
$U( \chi_{1}, \chi_{2}; a)=(qq_{1})^{1/2}X^{-1/2}\int^{2\pi(qq_{1})^{-1/2}L^{4}}2\pi(qq_{1})^{-1/2}\mathrm{x}_{l\leq(2\pi)^{-1}}^{-3}g(\omega)\sum_{)^{1/2}(qq1\omega X^{3}}e(al/q)M_{\chi_{1},\chi_{2}}(l)l^{-1}d\omega$
$+O((qq_{1})^{3/2}X^{-5/2+\epsilon})+O(X^{-3/2}L^{12}\log 2k)$
. , (4.4) $g( \omega)\ll\min(1, \omega^{-2})$
$U(\chi_{1}, \chi_{2}; a)$
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